Abstract-We have fabricated an overdamped superconducting discrete vortex flow transistor (DVFT) which consists of an array of Josephson junctions coupled together in parallel. Measurements on this DVFT indicate a current gain of 1.2 when the control current is injected parallel to the array of junctions. We have developed a model that successfully predicts the performance of our low-T, DWT, including its current gain. When the current is injected parallel to the array, the gain is linear in the number of junctions and can be made much greater than 1. Except for the output voltage, the results of the DVFT are comparable to those of the present high-T, devices.
INTRODUCTION ORTEX flow transistors (VFT) have regained inter-
V est after a discrete flux-flow device made of weak links in a high-temperature film has demonstrated promising results [l] , [2] . Current gains higher than one, transresistances of the order of l o a , a maximum output voltage of about 20 mV, and speeds of the order of 50 ps were obtained. A three-terminal superconducting device is essential for the development of superconducting electronics and flux-flow devices based on a long narrow Josephson junction were already proposed more than 15 years ago [3] . There are two versions of a VFT in long Josephson junctions; one is a device made of a long overdamped [4] junction (the McCumber parameter / 3, < 1) and the other is made with an underdamped [5] junction ( / 3, > 1).
The disadvantage of long Josephson junctions is that the output resistance is low (much smaller than l a ) and that the output voltage is generally much smaller than 1 mV. Moreover, it is difficult to manipulate the parameters and improve the response time of the device.
In this paper, we discuss discrete overdamped vortex flow transistors (DVFTs) made of short niobium Josephson tunnel junctions connected in parallel. The results of our D W are compared with the high-T, devices and the long continuous Josephson junctions. We also present model calculations on our DVFT which are in good agree- ment with our experimental results. We calculate the current gain, transresistance, the output voltage, and output resistance, and we discuss how one can improve the operation of an overdamped DVFT and what its limitations are. Our model is also applicable to other 1D discrete systems and can also be used to model long Josephson junctions. Our analysis shows that when disregarding the lower temperatures and voltage levels in low-T, materials, DVFTs made of niobium tunnel junctions can perform at the level comparable to the present high-T, flux-flow devices. Vortex flow transistors are three-terminal devices: a control current regulates the number of vortices in the device; and a bias current causes the vortices to move which leads to a voltage proportional to the number of the vortices. A DVFT consists of a parallel array of Josephson junctions which are coupled to each other by superconducting wires. Each junction is separated from its neighbor by a lattice spacing p . An important parameter in discrete 1D arrays is the penetration depth A,, in units of p , which is a measure of the discreteness of the system. For A < 1, vortices are well localized objects; whereas, for A >> 1 vortices are spread out over several cells. We will show that for overdamped DVFTs, one would like to have A, < 1. This paper is organized as follows. In the next section, we discuss our experimental results. In Section 111, we present our model calculations. In Section IV, we compare our measurements with the existing experimental results of other devices and present the estimated performance of a high critical current density sample made of niobium. Finally, in Section V, we will summarize our results.
EXPERIMENTAL RESULTS
Our DVFTs are fabricated with the dual dielectric selective niobium anodization process (DSNAF') technology developed at Lincoln Laboratory. A schematic drawing of our device is given in Fig. l . The DVFT consists of an array of N = 9 underdamped Josephson junctions, each shunted with an external resistor R,. The transport current it is injected through a resistor of about la connected to each node so that the current is uniformly injected along our 1D array. The control current i , , , can be applied in two ways: in a loop near the edge of the array or through a line parallel to the array. In this section, we show experimental results with the parallel control current injection except for the measurement of the gain, where we show the results for both modes of injection. Each Nb-Al,O,-Nb junction has a lithographically defined area of 3 X 3 pm2. At 4.2 K the total array critical current in zero magnetic field i,, is 0.37 mA so that the junction critical current I, is 0.04 mA. Thus, the critical current density J,, is estimated to be 450 A/cm2. Because the Z,R, = 1.75 mV for these junctions at 4.2 K, the junction normal-state resistance R, can be estimated as Here, L, is the self-inductance of a cell in the array and L, is the Josephson inductance Lj = Q,,/(27rZc). From measurements of Fiske modes in underdamped arrays, we have determined that in our DVFT geometry, L, = l.lpop [6] . In our arrays, the lattice spacing p is 10 pm, so that L, = 14 pH.
We ters and lower case letters denote parameters of the full discrete 1D arrays.)
Suppose the array is biased just below i,,, as shown in Fig. 2 by the dotted line at it = 0.36 mA. For zero control current, the voltage is 0, but when i,,, is increased, the operating point moves along the horizontal dotted line (for a nonloaded device), shown in the figure. As a result, the array voltage U , increases. If a load is present at the output of the DVFT, the operating point will move along a load line, the slope of which is equal to -l/R,, where R, is the load resistance. is also an upper limit to the bias of i t , beyond which, U , will not go down to 0 volts. Thus, for usual operating conditions, the maximum array output voltage in Fig. 3 is about 0.15 mV.
The coupling between i,,, and U , is described by the transresistance r,, defined as Aua/Aico,,, which can be obtained from Fig. 3 . Since these curves resemble more a square-root behavior than a straight line, the differential r,,, ranges from 2 R for 0 < i,,, < 0.025 mA, to 0.33 R for 0.025 mA < i , , , < 0.25 mA. It is desirable to have rm as high as possible, since this factor is proportional to the gain of the device (see Section 11).
Another measure characterizing the performance of the DVFT is G = -Aic/Aicon, the amount of suppression of i, by i , , , , which is a measure of the current gain of the device. Fig. 4 shows i, as a function of i,,, for the two cases of control current flowing parallel to the DVFT and flowing through a loop near the DVFT edge. For small i,,,, the relationship approaches a straight line, the slope of which is equal to G. For the sample of Fig. 4 , G = 1.2 for parallel control currents and G = 0.35 for control currents through the loop. Estimates of G, its dependence on N , and the method of flux coupling will be modeled in the next section. We will show that r, depends on G, which, in turn, depends on the control current injection.
DVFT ANALYSIS

A. RSJ Model
We have found that the i , -U , relationship of our . - (2) depends on the induced magnetic field and does not follow the single-junction magnetic field dependence of the critical current. In general, i , depends on the number of junctions, the penetration depth, and the way i,,, is injected. In our experiments, we find that (2) A possible explanation for the RSJ-like behavior is given in [7] . In that paper, the equation of motion for a single, independent vortex in a 1D array is calculated. This equation of motion along the 1D array is equivalent to the equation of motion for the phase difference across a single RSJ junction, indicating that the vortex dynamics in 1D arrays is equivalent to single junction dynamics and hence qualitatively similar current-voltage characteristics are expected. However, this assumes that vortex flow is the only dynamics in the array. When other dynamics occur, such as Fiske modes, then the simple model presented here must be modified. For p, < 1, we expect this simple model to be valid. In our further analysis we will use the RSJ-like dependence of (2) and calculate the characteristic properties of DVFTs using typical numbers for niobium technology at 4.2 K. We will assume the Z,Rn(4.2 K)-product of 1.75 mV and the specific capacitance C' of 45 fF/ pm2 to be independent of J,.
Equation (2) shows, that to have the output voltage levels as high as possible, re&, must be at the highest level possible. For it biased close to i,, and for ic(ico,) suppressed by the control current well below i,,, then (2) shows that the maximum voltage can be written as U,,,,
For our sample, we expect U,,,, to be 0.2 mV, which is close to the measured value of 0.15 mV. To increase U,,,, one would like to have Re, = R,, indicating intrinsically overdamped junctions. In this respect, it is helpful to write the McCumber parameter in terms of the critical current density. For unshunted niobium junctions at 4.2 K, we find
When C' is expressed in fF/pm2 and J, in kA/cm2. For the junctions to be intrinsically overdamped, J, must be at least 45 kA/cm2. Such high-J, junctions are also needed for SFQ circuits [8] and have been fabricated [9] . Probably, J, must even be higher, because the specific capacitance is expected to be larger for these high-J, junctions.
The expression for the output resistance in the RSJ model can be derived by taking a derivative of (2) For transport currents higher than ic(ico,), ro can be approximated by ro = req (6) which is R J N = 0.55 fl for our shunted DVFT. From the dc standpoint, it is desirable to have the output resistance as small as possible, but since this device would probably be required to drive transmission lines, r, must be matched in order to reduce reflections. Resistances of the order of a few ohms are desirable for many superconducting circuits.
The transresistance I-, is defined as
The term ( --dyl : , ) will be denoted by G, the current gain. For bias currents close to i,,, (7) can be written as indicating that r, depends on the control current through i, and on the manner of its injection through G. If 
and a is a parameter depending on i , , , and (Y < 1. For our sample, the measured gain is mA. In order to make r, as high as possible, G and re, must be as high as possible.
As an estimate of the response time of our arrays, we multiply the single junction respodse time [lo] by the number of junctions N and the cell-to-cell propagation time by the number of cells N -1 which gives 
B. Current Gain
The current gain G is defined as
To get more insight in the factors determining G, we will write the suppression of the array critical current by i,,, as a suppression by a perpendicular magnetic field and then we will calculate the critical current suppression numerically as a function of hj and N .
Thus, the first step is to write i,,, in terms of a magnetic field. If i,,, is supplied through a filamentary wire as in the discrete device shown in Fig. 1 , then the magnetic field is B = p 0 i c 0 , / 2~r , where r is the distance from the center of the wire. We integrate the magnetic field over the area of the array to get the total applied magnetic flux linkage and then divide by N -1 to get the average flux Qapp in a unit cell of the array. Therefore, aaPp = ico,M/(N -11, where M is the mutual inductive coupling which depends on the size of the array and the manner of injection of control current with respect to the Josephson junction array. As shown in Fig. 1, the control current, i,,,, can be injected parallel to the length of the array, or into a "100~'~ located at one side of the array.
It is convenient to define (13) which is known as the frustration and measures the number of flux quanta in a unit cell. Therefore, the gain can be written as (14) where D = --/Af. Consequently, the problem of estimating G has been reduced to finding two separate terms: M which is a property of the method of inductive coupling, and D which is a property of the array in a magnetic field. 
The problem of finding G has now been reduced to determining D, the suppression of i, by f. For penetration depths A, > > 1, the critical current i, of an array of N junctions depends on the external magnetic flux [ll] as (19) so that D = N. Therefore, G can be made larger by decreasing A,. As A j is decreased below N, self-induced fields by the supercurrents in the DVFT become important and the dependence of i, on f must be calculated numerically [121. The suppression of i, depends on the manner of injection of current into the array; the current can be injected uniformly, in the middle of the array, or at one or both edges of the array. In Fig. 5 , we show the result of the numerical calculation for uniform current injection in an array with N = 9. The curves in this plot are obtained from calculations with the self-inductance of the loops only. (Inclusion of all the inductances of the array and different ways of current injection can be accounted for in our simulations [12] .) With 
In our sample with A j = 0.76 and for parallel injection of i , , , , we expect GI, = 1.8 which agrees with our measurement of G,, =. 1.2. Likewise, for loop injection we expect G, = 0.34, which agrees well with the experimental value of 0.35. Hence, we conclude that our model provides good estimates for the gain. From (20) and (211, we see that the highest gains are found for low A j values. However, it is difficult to make arrays with Aj much less than 0.1 without making the cells too big. We also see that gains of 10 or higher are difficult to obtain for an array with 9 junctions. One could increase N, in order to increase G,, ; however, this will lead to a longer response time and smaller output resistances. Better magnetic coupling, such as with the ground plane,' also increases G. We also expect that including mutual inductance effects [121, will not significantly change the value of the gain.
It is also interesting to compare the gain of an array to that of a two junction SQUID, which is an array with N = 2. The gain of the SQUID, Gso is still given by (14) . Also, the magnetic coupling M of the SQUID is given by for A, < 1. Moreover, as A, approaches zero, Zmin/(2Zc) = 1 -TA: [lo] and D = 2n-A23 indicating that the current gain saturates at about 0.7 for the numbers given above. Consequently, we see that it is difficult to get gains greater than one with this manner of magnetic coupling. We note that GSQ is about 50% lower than G,, as to be expected from the increased magnetic coupling from all the cells in the array. Moreover, for parallel coupling, GSQ is N times smaller than the array. In both cases, the array provides a larger gain than a two junction SQUID.
There are better ways to couple flux in the SQUID loop (e.g., by using pickup coils), but there is a tradeoff. One would like the inductances L,, of the wires used to couple the flux in the loop to be as small as possible. When several loops with control lines are connected together, the Lcl/ro constant must be kept below the response time of the SQUID, which is rR. For rR of the order of 10 ps and with r, = 5 R, L,, must be smaller than 50 pH.
In conclusion, to obtain output voltages of the order of the I$,-product (1.75 mV for niobium at 4.2 K) one needs intrinsically shunted junctions so that J, must be higher than 45 000 A/cm2. To get the highest gains, A, must be kept smaller than 1. However, higher gains can also be obtained by increasing the number of junctions but longer arrays will increase the response time and decrease the output resistance.
IV. COMPARISON TO Low-T, WJ AND HIGH-T,-DEVICES
The low-T, (niobium) long Josephson junction current injection transistor (CIT) [4] , like the junctions in our samples, is shunted by a parallel resistor to make the device overdamped. The transport current-voltage characteristics of this device follow the RSJ model, thus, its operation is similar to our devices with one major exception that the control current is actually injected into the body of the device. Therefore, in the CIT, there is no isolation between the input and the output which can be a problem in circuit designs. The current gain for this device has been shown to be G = 1/2A,, where 1 is the length of the device and A, is the Josephson penetration depth [4] . For a long junction made of electrodes with penetration depth A and thickness greater than A, then A; = @0/27rp0J,h, where h = 2A + to, and to, is the oxide thickness of the junction.
To make a closer comparison between the DVFT and the CIT, we model the CIT as a DVFT with a rectangular unit cell; the lattice spacing along the direction of the device is given by A,, and the lattice spacing perpendicular to the device is h. The self inductance L, is modeled as the inductance of a transmission line of length A, so that L, = p,hh,/W,; where W, is the width of the junction. The "junction" inductance is modeled as L, = @,,/2n-JCW, A,. Consequently, the corresponding Rj = 1, as to be expected since the penetration depth is the lattice spacing along the array. The equivalent number of junctions is N = l / A j , assuming N B 1. Likewise, the corresponding resistances and capacitances are N times larger and smaller, respectively, than the total resistance and capacitance. Therefore, p, remains the same for each cell as for the whole continuous junction.
In the upper part of Table I , the parameters for the "discrete model" of the CIT are given in brackets. From these parameters, we calculated the output parameters using the formulas for the DVFT. These output parameters are listed in the lower part of Table I in brackets next to the experimentally measured values. The two sets of numbers agree reasonably well, suggesting the usefulness of our "discrete model." For our "discrete model" of the CIT, a gain of 1/2A, translates into G = N/2. This is the same dependence as (20) for G I , and A, = 1, except for a numerical factor of order unity reflecting the different magnetic coupling used in the CIT.
An analogous "discrete model" for high-temperature superconductors was not done because the mechanism of vortex motion is probably not the same as in a Josephson junction or array. However, if the current-phase relation for high-T,-devices is sinusoidal, one could still use our estimate of the gain. In fact, a current gain proportional to a 1/A, has recently been observed in VFTs based on long YBa,Cu,O,-bicrystal grain boundary junctions [13] . For the high-T,-device of [14] , we predict a gain of 2.2 for loop injection in reasonable agreement with the experimental value of 1.1 and for the high-T,-device of [131, we predict gains which are less than a factor of 2 larger than the measured ones if A, < 1. In addition, our relation rm = r,G also seems to hold for this high-T, device as can be seen in Table I .
In Table I , we summarize the characteristics of our measured DVFT, the CIT of [4] and the high-T, flux-flow transistor of [14] . The numbers in this table are typical numbers that can be expected from the three different technologies. The table is not meant to give a complete overview of measured superconducting transistors; instead, it illustrates how our model can be used to predict some of the trends and differences between the technologies. The response times of the measured three devices are comparable, so it is hard to make a distinction among them in this respect. The CIT has the largest gain; but this is due to it having the largest effective N. If the other devices were as long, they would have comparable gains. Furthermore, the CIT would be difficult to use in complex circuit designs because of the problem of the input not being isolated from the output and the low output voltage and resistance. The separate control over the resistance, self inductance, and lattice spacing, as well as using the same fabrication technology as other low-T, devices also gives the DVFT a strong advantage over the CIT. The high-T, devices have the advantage over the low-T, devices, in that the voltage scale is increased by a factor of 100.
In Table I , we also list the calculated properties of a DVFT made with niobium technology similar to our measured device, but with intrinsically shunted junctions requiring critical current densities larger than 45 000 A/cm2. In our calculations, we have taken a junction critical current of 0.1 mA, which is about the critical current used in the single-flux-quantum (SFQ) technology [8] . With J, = 45 000 A/cm2, the junctions are 0.5 X 0.5 pm2, which should be possible with present technology. For N = 9, gains of about 3, response times around 5 ps, and voltage levels of 1.75 mV are possible. In addition, r, and r,,, will be about 2-3 R. By making the junctions a factor 6.25 smaller (0.2 by 0.2 pm2), the gain will still be larger than 1, but ro, and rml, will be about 10 R. The response time and the voltage levels would remain the same. Except for the voltage levels, the performance of such DVFT would be the same as or better than that of the present high-T, devices.
One of the possible applications for the DVFT is to act as an interface between the current-based SFQ logic and the voltage-based CMOS memory. For this application, the DVFT must have output voltage levels that are high enough to surpass the threshold levels of the CMOS controls. Output voltages on the order of 0.1 volt are desirable. The low-T, technology will be limited by the I,R, product, which is 1.75 mV for Nb at 4.2 K. Therefore, to obtain higher voltage outputs one needs several DVFTs connected in series or stacked on top of each other. The high-T, materials have an advantage in this area because the characteristic voltage scale can be much higher, although the present value of 0.02 V still seems to be too small. For other applications at 4.2 K where the output voltage is not as important, DVFTs made in niobium technology are expected to have a comparable or better performance with the advantage of using a reliable technology.
We would also like to note that we have made an underdamped version of the DVFT, using an array of 54 Nb junctions. The operation of this device is governed by the dependence of the Eck peak [15] in the it -U, of the array. We obtained transresistance of about 2.8 R, maximum output voltage of 0.31 mV, and output resistance of 
V. CONCLUSIONS
We have fabricated, measured, and modeled discrete overdamped vortex flow transistors made of low-temperature Josephson junctions connected in parallel. The DVFT compares in performance with the high-temperature superconducting DVFTs except that the output voltage is lower. The DVFT has advantages over the continuous LJJ in that more freedom can be exercised over the parameters, which is useful in designing specific devices. Our modeling of these devices shows that overdamped submicron junctions with high critical-current densities would be the near optimal design for DVFTs. It should be possible to stack DVFTs or connect them in series, by which both the output voltage and the output resistance increase. With 100 DVFTs in series, we project output voltages greater than 0.1 V and resistances of the order of
